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We extend the halo-independent method of Fox, Liu, and Weiner to include energy resolution and
efficiency with arbitrary energy dependence, making it more suitable for experiments to use in
presenting their results. Then we compare measurements and upper limits on the direct detection
of low mass (∼10 GeV) weakly interacting massive particles with spin-independent interactions,
including the upper limit on the annual modulation amplitude from the CDMS collaboration. We
find that isospin-symmetric couplings are severely constrained both by XENON100 and CDMS
bounds, and that isospin-violating couplings are still possible at the lowest energies, while the
tension of the higher energy CoGeNT bins with the CDMS modulation constraint remains. We find
the CRESST II signal is not compatible with the modulation signals of DAMA and CoGeNT.
PACS numbers: 95.35.+d, 98.80.Cq. 12.60.Jv, 14.80.Ly
I. INTRODUCTION
The nature of dark matter is one of the fundamental
problems of physics and cosmology. Weakly interacting
massive particles (WIMPs), i.e. particles with weakly in-
teracting cross sections and masses in the GeV–10 TeV
range, are among the best motivated candidates for dark
matter. Of particular interest is a low mass region, ∼ 10
GeV, suggested by data from three direct dark matter
experiments: DAMA [1], CoGeNT [2, 3] and CRESST-
II [4]. DAMA and CoGeNT report annual modula-
tions with the expected characteristics of a WIMP sig-
nal [5]. CRESST-II observes an excess of events above
their known background, excess which may be inter-
preted as due to dark matter WIMPs. Stringent up-
per limits have been placed on dark matter WIMPs by
other direct detection experiments. The most stringent
limits in the region of ∼ 10 GeV WIMPs come from
the XENON10 [6], XENON100 [7, 8], SIMPLE [9], and
CDMS experiments [10]. All but one of these limits re-
sult from an upper bound on the total unmodulated event
rate. The exception is a recent result by the CDMS col-
laboration [11], which has searched for an annual mod-
ulation in their data and, not finding it, has placed a
stringent upper limit on its amplitude.
THE HALO INDEPENDENT COMPARISON
METHOD
Here we compare the above measurements and upper
limits in a halo-model independent fashion. We concen-
trate on light WIMPs with spin independent (SI) inter-
actions, and extend the halo-independent method of Fox,
Liu, and Weiner [12], later extensively employed in [13],
by including energy resolution, efficiency, and form fac-
tors with arbitrary energy dependence. The use of con-
stant efficiencies and form factors over bins constituted
a limitation of earlier versions of the method. In our
form, the method can be used by any experiment to
present their own results in a way that would allow for
an immediate comparison between experiments in a halo-
independent manner.
Fox, Liu, and Weiner [12] presented their method for
differential and total rates. Statistical analyses usually
use rates integrated over energy intervals, e.g. when com-
puting maximum gap limits. When integrating the dif-
ferential rates over energy bins, the energy dependence
of efficiencies and form factors within each bin must be
taken into account. Fox, Liu, and Weiner [12] took ef-
ficiencies and form factors constant over the bin. For
binned rates, they evaluated them at the central energy
of each bin. For the total rate, they evaluated them at
the energies that minimize or maximize the ratio of the
rates to be compared, depending on whether one is con-
sidering a putative signal or a constraint. They also in-
cluded the energy resolution of DAMA by smearing with
a Gaussian distribution but the details of this procedure
are not spelled out in their paper. Having to use constant
efficiencies and form factors lead Frandsen et al. [13] to
assume that each bin is sufficiently small so that these
quantities do not vary significantly within a single bin.
This is a particularly limiting restriction in analyzing the
CRESST II data due to the onset of detector module
thresholds. Our method overcomes all of these limita-
tions.
The differential recoil rate per unit detector mass, typ-
ically in units of counts/kg/day/keV, for the scattering
of WIMPs of mass m off nuclei of mass number A, atomic
number Z, and mass mA,Z is
dRA,Z
dE
=
σA,Z(E)
2mµ2A,Z
ρ η(vmin, t), (1)
where E is the nucleus recoil energy, ρ is the local
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2WIMP density, µA,Z = m mA,Z/(m + mA,Z) is the
WIMP-nucleus reduced mass, σA,Z(E) is (a multiple of)
the WIMP-nucleus differential cross-section dσA,Z/dE =
σA,Z(E) mA,Z/2µ
2
A,Zv
2, and
η(vmin, t) =
∫
|v|>vmin
f(v, t)
v
d3v (2)
is a velocity integral carrying the only dependence on the
(time-dependent) distribution f(v, t) of WIMP velocities
v relative to the detector. Here
vmin =
√
mA,ZE
2µ2A,Z
(3)
is the minimum WIMP speed that can result in a recoil
energy E in an elastic scattering with the A,Z nucleus.
Due to the revolution of the Earth around the Sun, the
η function has an annual modulation generally well ap-
proximated by the first terms of a harmonic series
η(vmin, t) = η0(vmin) + η1(vmin) cosω(t− t0), (4)
where ω = 2pi/yr and t0 is the time of maximum signal.
For spin-independent interactions (SI), the WIMP-
nucleus cross-section can be written in terms of the ef-
fective WIMP-neutron and WIMP-proton coupling con-
stants fn and fp as
σSIA,Z(E) = σp
µ2A,Z
µ2p
[Z + (A−Z)(fn/fp)]2 F 2A,Z(E) , (5)
where σp is the WIMP-proton cross-section and F
2
A,Z(E)
is a nuclear form factor, which we take to be a Helm form
factor [14] normalized to FA,Z(0) = 1. In most models
the couplings are isospin conserving, fn = fp. Isospin-
violating couplings fn 6= fp have been considered as a
possibility to weaken the upper bounds obtained with
heavier target elements, which being richer in neutrons
than lighter elements, have their couplings to WIMPs
suppressed for fn/fp ' −0.7 [15].
Fox, Liu, and Weiner [12] observed that the factor
η˜(vmin) = σp(ρ/m)η(vmin) , (6)
in Eq. (1) with SI interactions is common to all experi-
ments, and compared direct detection experiments with-
out any assumption about the dark halo of our galaxy by
expressing the data in terms of vmin and η˜(vmin). This
was done extensively in [13], separately for η˜0(vmin) =
σp(ρ/m)η0 and η˜1(vmin) = σp(ρ/m)η1. Since the E-vmin
relation depends explicitly on the WIMP mass m, this
procedure can be carried out only by fixing m (except
when m is much smaller than the masses of all nuclei
involved, in which case the combination mvmin becomes
independent of m).
However most experiments do not measure the re-
coil energy E directly, but rather a detected energy
E′ subject to measurement uncertainties and fluctua-
tions. These are expressed in an energy response func-
tion GA,Z(E,E
′) that incorporates the energy resolution
σE(E
′) and the mean value 〈E′〉 = EQA,Z(E), where
QA,Z(E) is the quenching factor. In this context, recoil
energies are often quoted in keVnr, while detected en-
ergies are quoted in keVee (keV electron-equivalent) or
directly in photoelectrons. Moreover, experiments have
an overall counting efficiency or cut acceptance (E′) that
depends on E′. A compound detector with mass fraction
CA,Z in nuclide A,Z has an expected event rate equal to
dR
dE′
= (E′)
∫ ∞
0
dE
∑
A,Z
CA,Z GA,Z(E,E
′)
dRA,Z
dE
. (7)
We observe that the factor η˜(vmin) is common to all ex-
periments also when the rates are expressed in terms of
the detected energies E′ as in Eq. (7). This observation
allows us to extend Fox et al.’s method to the more realis-
tic case of finite energy resolutions and E′-dependent effi-
ciencies, without restrictions on how rapidly these quan-
tities change with energy.
II. INCLUDING ENERGY RESOLUTION AND
EFFICIENCY WITH ARBITRARY ENERGY
DEPENDENCE
For this purpose, using dE = (4µ2A,Z/mA,Z)vmin dvmin,
we write the average of Eq. (7) over a detected energy
interval [E′1, E
′
2] as
R[E′1,E′2] =
∫ ∞
0
dvmin RSI[E′1,E′2](vmin) η˜(vmin). (8)
Here we have defined the response function for SI WIMP
interactions, with EA,Z = 2µ
2
A,Zv
2
min/mA,Z ,
RSI[E′1,E′2](vmin) =
∑
A,Z
2 vmin CA,Z σ
SI
A,Z(EA,Z)
mA,Z σp (E′2 − E′1)
×
∫ E′2
E′1
dE′GA,Z(EA,Z , E′) (E′). (9)
When several energy bins are present, like when bin-
ning the data in energy or computing the maximum gap
upper limit, we label each energy interval with an index
i and write Ri(t), RSIi (vmin), etc, for quantities belong-
ing to the i-th energy interval. For example, binning the
harmonic series in Eq. (4) in energy gives
Ri(t) = R0i +R1i cos[ω(t− t0)] . (10)
Our task is to gain knowledge on the functions η0(vmin)
and η1(vmin) from measurements Rˆ0i ±∆R0i and Rˆ1i ±
∆R1i of R0i and R1i, respectively. This is possible
when a range of detected energies [E′1, E
′
2] corresponds
3to only one range of vmin values [vmin,1, vmin,2], for ex-
ample when the measured rate is due to interactions
with one nuclide only. In this case, [vmin,1, vmin,2] is the
vmin interval where the response function RSI[E′1,E′2](vmin)
is significantly different from zero. Ref. [13] approxi-
mated this interval with vmin,1 = vmin(E
′
1−σE(E′1)) and
vmin,2 = vmin(E
′
2 + σE(E
′
2)). When isotopes of the same
element are present, like for Xe or Ge, the vmin inter-
vals of the different isotopes almost completely overlap,
and vmin,1, vmin,2 could be the CA,Z-weighted averages
over the isotopes of the element. When there are nu-
clides belonging to very different elements, like Ca and
O in CRESST-II, a more complicated procedure should
be followed (see below).
Once the [E′1, E
′
2] range has been mapped to a
[vmin,1, vmin,2] range, we can estimate the vmin-weighted
averages
η˜[E′1,E′2] =
∫ vmin,2
vmin,1
RSI[E′1,E′2](vmin) η˜(vmin) dvmin∫ vmin,2
vmin,1
RSI[E′1,E′2](vmin) dvmin
(11)
as
η˜[E′1,E′2] =
Rˆ[E′1,E′2]
ASI[E′1,E′2]
, (12)
where
ASI[E′1,E′2] =
∫ vmin,2
vmin,1
RSI[E′1,E′2](vmin) dvmin. (13)
In the case of binned data, these equations read η˜0i =
Rˆ0i/ASIi , η˜1i = Rˆ1i/ASIi , with errors ∆η˜0i = ∆R0i/ASIi
and ∆η˜1i = ∆R1i/ASIi .
Upper limits on binned data can be set by replacing
Rˆ[E′1,E′2] above with the measured upper limit. Upper
limits on unbinned data can be set using the method
of Fox et al. [12], which we repeat here. The smallest
non-increasing function η(vmin) passing through a point
(vs, ηs) is the downward step function η(vmin) = ηs for
vmin ≤ vs and zero otherwise. Using this η(vmin) function
in Eq. 6, with η˜s = σp(ρ/m)ηs, the smallest event rate
with η(vmin) = ηs at vmin = vs is
Rmin[E′1,E′2] = η˜s
∫ vs
0
dvmin RSI[E′1,E′2](vmin), (14)
where [E′1, E
′
2] is any energy interval in which measure-
ments of the rate have been done. This equation is used
to bound the value of ηs as a function of vs. We use it
in the maximum gap method [16] for CDMS, XENON10,
XENON100, and SIMPLE unbinned data. When using
the maximum gap method the choice of the [E′1, E
′
2] in-
terval is dictated by the data [16].
For compound detectors like SIMPLE, when using
Poisson or Binned Poisson statistics, Eq. (14) is equiva-
lent but more transparent than the method in Appendix
A.1 of [13]. The main issue is that the number of events
(or the upper bound on the number of events, depend-
ing on whether one is dealing with a measurement or a
bound) is independent of the detector composition. In
this case, the following relation holds between the value
(or upper bound) η˜ for a compound and the value (or
upper bound) η˜A,Z defined assuming only element A,Z
contributes to the rate:
N = η˜ ASI = η˜A,Z ASIA,Z , (15)
where N is a constant Using that by definition ASI =∑
A,Z ASIA,Z , and from Eq. (15) ASIA,Z = N/ η˜A,Z , we get,
using Eq. (15) again, N = η˜
∑
A,Z(N/ η˜A,Z ) or
1
η˜
=
∑
A,Z
1
η˜A,Z
, (16)
which is Eq.(A.1) of [13]. This shows the equivalence
of the method in Appendix A.1 of [13] with our simpler
Eq. (14).
III. MEASUREMENTS OF AND LIMITS ON η˜0, η˜1
The data and detector properties we use are as fol-
lows. (We acknowledge criticism of some experimental
analyses [17], and try to be conservative.)
CoGeNT. We use the list of events, quenching factor,
efficiency, exposure times and cosmogenic background
given in the 2011 CoGeNT data release [18]. We sep-
arate the modulated and unmodulated parts with a chi-
square fit after binning in energy and in 30-day time in-
tervals (we fix the modulation phase to DAMA’s best
fit value of 152.5 days from January 1). We correct
the unmodulated part by surface-event correction fac-
tors C(E) = 1 − e−E2/E2C , which are similar to those in
[19] for EC = 1.04 keVee (“CoGeNT high”), 0.92 keVee
(“CoGeNT med.”), and 0.8 keVee (“CoGeNT low”). We
leave it to the reader to subtract a possible constant back-
ground contribution b0, since it is unknown. Thus, for
CoGeNT we do not plot η0 but η0 + b0 in the figures.
CDMS. For the upper limit on the total event rate we
use only the T1Z5 detector [10], which gives the most
stringent limits at low WIMP masses. The energy res-
olution is [0.2932 + (0.056E)2)]1/2, and the range for
the maximum gap method is 2 keV–20 keV. For the
modulation amplitude we use the 95% upper bound of
0.045 events/kg-day-keV for a modulation phase equal
to DAMA’s in the energy range 5 keV–11.9 keV [11].
DAMA. We read the modulation amplitudes from [1].
We consider scattering off Na only, since the I component
is under threshold for low mass WIMPs and reasonable
local Galactic escape velocity. We show results for two
values of the Na quenching factor: 0.3 and 0.45 (the latter
suggested in [20]). No channeling is included, as per [21].
4XENON100. We show limits imposed by the last two
data releases of Refs. [7] and [8] (with dashed and solid
lines respectively). The exposure in Ref. [7] is 48 kg ×
100.9 days. We convert the energies of the three candi-
date events in Ref. [7] into S1 values, and use the Poisson
fluctuation formula Eq. (15) in [22] to compute the en-
ergy fluctuations. We use the light efficiency function Leff
in Fig. 1 of [7]. We obtain the cut acceptance by mul-
tiplying two factors: the overall cut acceptance, which
we set to a conservative value of 0.6 since it is unclear
why in Fig. 2 of [7] it would depend on the WIMP mass
when expressed as a function of S1, and the S1/S2 dis-
crimination acceptance, taken from the just mentioned
Fig. 2. We use a maximum gap method over the inter-
val 4 ≤ S1 ≤ 30 photoelectrons. In Ref. [8] the expo-
sure is 34 kg × 224.6 days and there are two candidate
events at lower energies than in the previous data set.
Thus the new limits are less stringent at low energies
and more stringent at higher energies than those derived
from the previous data. For the new limits we use the
same method just mentioned but with the cut acceptance
and data points of Ref. [8].
XENON10. We follow Ref. [6] and use only S2 without
S1/S2 discrimination. The exposure is 1.2 kg ×12.5 days.
We consider the 32 events within the 1.4 keV-10 keV
acceptance box in the Phys. Rev. Lett. article (not the
arxiv preprint, which had an S2 window cut). We take
a conservative acceptance of 0.94. For the energy resolu-
tion, we are more conservative than [6]: we convert the
quoted energies into number of electrons ne = EQy(E),
with Qy(E) as in Eq. 1 of [6] with k = 0.11, and use the
Poisson fluctuation formula in [23].
SIMPLE. We consider only Stage 2, with an exposure
of 6.71 kg days and no observed candidate event. We
take an efficiency η′(E) = 1 − exp{−Γ[(E/Ethr) − 1]}
with Γ = 4.2±0.3. With no events observed, the Poisson
and maximum gap upper limits coincide.
CRESST-II. We take the histogram of events in Fig. 11
of Ref. [4]. The acceptance is obtained by adding each
module at its lower energy acceptance limit in their Ta-
ble 1. The electromagnetic background is modeled as
one e/γ event in the first energy bin of each module.
The exposure is 730 kg days. We assume a maximum
WIMP velocity in the Galaxy such that W recoils can
be neglected. To take into account the Ca and O com-
ponents, we follow the same philosophy as Method 2 in
Appendix A.2 of [13], but, without having to assume a
constant efficiency in each energy bin, we are able to
cover the CRESST-II energy range without gaps with
the following binning: three high-energy bins (i = 4, 5, 6)
with scatterings off O only (assuming a maximum vmin of
∼ 750 km/s): [17, 20], [20, 23], and [23, 26] keV; and three
corresponding low-energy bins (i = 1, 2, 3) with the same
vmin range and scatterings off O and Ca: [11, 13], [13, 15],
and [15, 17] keV. To avoid complications with the over-
lap of the tails of the weight functions RSIi (vmin), we cut
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FIG. 1: CoGeNT measurement of the unmodulated part of
the velocity integral η(vmin) plus background, η0 + b0, and of
the modulated part, η1, of the velocity integral η(vmin) as a
function of vmin, for a WIMP with spin-independent isospin-
symmetric couplings and mass of 9 GeV.
them outside the vmin interval [vmin(E
′
1i), vmin(E
′
2i)], i.e.
we do not enlarge the vmin interval using the energy reso-
lution. Having determined η˜0i = Rˆ0i/ASIO,i for i = 4, 5, 6
using O only in ASIO,i, we estimate the Ca contribution
to bins j = 1, 2, 3 as RSICa,j = ASICa,j η˜0,j+3, where ASICa,j
contains only Ca. Then to reduce the effect of the prop-
agation of errors in subtracting the Ca contribution, we
combine the three low-energy bins into one, obtaining for
it η˜0 =
∑3
j=1(Rˆ0j −RSICa,j)/
∑3
j=1ASIO,j .
IV. OUR RESULTS
The figures show our results for a WIMP with spin-
independent couplings and mass 9 GeV. To compare with
the corresponding figures in [13], which have the vertical
axis in units of inverse days, we multiply η˜ by the square
of the speed of light c2. We warn the reader that the
quantity plotted may seem to be the number of WIMPs
impinging on the detector per day, but it is actually not.
Notice that η in the label of the vertical axis stands for
either η0 or η1 depending on the experiment. We plot
both the modulated and unmodulated parts of η in the
same figure to be able to compare them. In all realistic
cases we should have η1 sufficiently smaller than η0.
Fig. 1 shows the CoGeNT measurement of the unmod-
ulated part of the velocity integral η(vmin) plus back-
ground, η0 + b0 (high, medium and low), and of the
modulated part, η1, of the velocity integral η(vmin) as
a function of vmin, for a WIMP isospin-symmetric cou-
plings. It clearly shows that the modulation amplitude
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FIG. 2: CoGeNT and DAMA measurements of and CDMS
bounds on the modulated part η1, and CDMS and XENON
100 (solid line for the latest data) bounds on the unmodulated
part η0 of η(vmin), as a function of vmin. HereQNa =0.45, m =
9 GeV. For this case of spin-independent isospin-symmetric
couplings, the XENON100 and CDMS modulation bounds
exclude all but the lowest energy CoGeNT and DAMA bins.
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FIG. 3: As in Fig. 2 but for QNa =0.30 and fn/fp ' −0.7.
The first two CoGeNT and the first six DAMA energy bins are
compatible with XENON100 bounds but the CDMS modula-
tion constraint exclude all but the lowest points (since both
CoGeNT and CDMS use Ge, points and limit move together).
of the CoGeNT data is large with respect to the aver-
age, certainly larger than the few percent modulation in
usual halo models. If the unmodulated CoGeNT rate at
high recoil energies is subtracted throughout the energy
range, the relative modulation amplitude would have to
be even higher, ∼ 30%.
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FIG. 4: Measurements and upper bounds on the unmodu-
lated and modulated part of the velocity integral η(vmin) as
a function of vmin, for m = 9 GeV. For this case of spin-
independent isospin-symmetric couplings, the XENON100
and CDMS modulation bounds exclude all DAMA and all
but the lowest energy CoGeNT bins.
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FIG. 5: Same as Fig. 4 but for isospin-violating couplings
fn/fp = −0.7 and DAMA quenching factor QNa = 0.45. In
this case all DAMA and the lowest vmin CoGeNT points are
allowed by all the bounds we consider except the CDMS mod-
ulation constraint, which excludes all but the lowest bins.
In Figs. 2 and 3 we compare just the CoGeNT and
DAMA measurements of, and CDMS upper bounds on,
the modulated part, η1, of the velocity integral η(vmin),
as well as the CDMS and XENON100 (the continuous
line corresponds to the latest data) bounds on the un-
modulated part η0 of η(vmin), as a function of vmin.
Figs. 4 and 5 show all the measurements and upper
6bounds on η˜0 and η˜1 included in this paper.
Figs. 2 to 5 show that the DAMA and CoGeNT mea-
surements of the modulation amplitude η1 are compatible
with each other.
In Fig. 2 and Fig. 5 we used QNa =0.45, considered a
high value relative to measurements, instead of the usual
0.3 used in the other figures. The effect of changing QNa
from 0.3 to 0.45 can be seen by comparing the relative
position of the DAMA points (green) with respect to the
CoGeNT points (blue) when going from Fig. 4 to Fig. 2
(both with fn/fp = 1) and from Fig. 3 to Fig. 5 (both
with fn/fp = −0.7). Since a particular detected energy
is QE, a change in Q from Qold to Qnew corresponds
to a horizontal shift of the data points in E to Enew =
(Qold/Qnew)Eold and a vertical shift of the data points
by a factor Qnew/Qold. Thus, an increase in Q leads to
a diagonal leftwards and upwards shift of the points to
lower vmin by a factor
√
Qold/Qnew and a higher ρσpη
by the factor. (Qold/Qnew) (a decrease in Q causes a
diagonal shift to the right and down in the diagram of
the affected points).
For the case of isospin-symmetric couplings of Fig. 2
and 4 the XENON100 and CDMS modulation bounds ex-
clude all but the lowest energy CoGeNT and DAMA bins.
Although a larger value of QNa in Fig. 2 shift the two low-
est DAMA points outside the XENON 100 bounds, the
tension between CoGeNT and DAMA on one side and
XENON100 and CDMS on the other is strong. Varying
the WIMP mass from 6 to 12 GeV does not improve the
situation.
The tension is alleviated for isospin-violating couplings
fn/fp = −0.7, shown in Figs. 3 and 5, especially if the
DAMA Na quenching factor is taken as QNa = 0.45 (in
Fig. 5). In this case, the fist (lowest energy) two Co-
GeNT data points and the first either six (in Fig. 3) or
all (in Fig. 5) DAMA points are compatible with all the
bounds we consider, except the CDMS modulation limit.
Since CDMS and CoGeNT both use Ge, the tension of
the higher energy CoGeNT bins with the CDMS mod-
ulation constraint remains. Even with QNa = 0.45 (see
Figs. 2 and 5) the CDMS modulation bound rejects all
but the two lowest energy DAMA points. It is therefore
of the utmost interest that CDMS extend their modula-
tion analysis to lower energies, so as to confirm or exclude
the spin-independent interpretation of the CoGeNT and
DAMA annual modulations over the full vmin range.
Notice that the fn/fp = −0.7 choice diminishes not
only the WIMP-Xenon coupling, but also the WIMP cou-
plings with Ge and Na. Comparing e.g. Figs. 2 and 3 we
see that the coupling [Z+(A−Z)(fn/fp)]2 in Eq. 5 of the
WIMP with Ge diminished, thus η˜ increased, by a factor
of about 500. For Na the factor is smaller (compare e.g.
Figs. 3 and 4), about 70. Thus, with fn/fp = −0.7 the
DAMA modulation points are below the CoGeNT data
points (while they are above with fn/fp = 1).
Fig. 4 and 5 show that the CRESST II measurements of
the unmodulated part, η0 of the velocity integral η(vmin)
(in dark grey) are superposed to the DAMA and CoGeNT
measurements of the modulated part η1, while in realistic
models it should be that η1 < η0. Thus we find that
CRESST II results are incompatible with the CoGeNT
and DAMA modulation data.
In conclusion, in this paper we extended the halo-
independent method of Fox, Liu, and Weiner to include
energy resolution and efficiency with arbitrary energy de-
pendence, making it more suitable for experiments to use
in presenting their results. We also show data compar-
isons for spin independent WIMPs using this method.
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